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The motivation for this article comes from our development of soft sensors for chemical processes where several chal-
lenges are encountered. For example, quality variables in chemical processes are often measured off-line through labo-
ratory analysis. Collection of samples and subsequent analyses inevitably introduce uncertain time delays associated
with the irregularly sampled quality variables, which add significant difficulty in identification of process with multirate
(MR) data. Considering the MR system with random sampling delays described by a finite impulse response (FIR)
model, an Expectation–Maximization (EM)-based algorithm to estimate its parameters along with the time delays is
developed. Based on the identified FIR model, two algorithms are proposed to recover the approximate output error
(OE) or transfer function model. Two simulation examples as well as a pilot-scale experiment are provided to illustrate
the effectiveness of the proposed methods. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 4124–4132,

2013
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Introduction

Multirate (MR) systems arise often in typical chemical and
bio-chemical processes due to absence of online measure-
ments for certain quality variables.1,2 For example, the distil-
late and bottom compositions in distillation columns are
usually sampled infrequently through off-line laboratory anal-
ysis, while other process variables such as tray temperature,
flow rate, pressure, and level are readily measured at fast rate.3

Real-time information about quality variables is essential to
effective process monitoring, control, and optimization. There-
fore, various methods have been proposed to model the MR
systems and infer the unmeasurable or missing outputs.

First principle models are preferred for MR system model-
ing because these models are obtained from fundamental pro-
cess knowledge and have clear physical interpretation.
However, this kind of models are not always available due to
complexity and lack of thorough understanding of the pro-
cess.4 In contrast, data-driven models are developed based on

process operational data, which are less dependent on prior
process knowledge.5 Additionally, data-driven models are
convenient to implement on the existing distributed control
systems. Despite its limited extrapolation ability, data-driven
modeling has received increasing attention in recent years.

One of the most frequently used techniques to build data-

driven models from MR sampled data is to down-sample the

process data in accordance with the slow sampling rate of

the quality variables.6 Based on this technique, Kano et al.

(2003)7 developed a dynamic partial least-squares model to

predict the bottom composition of a pilot-scale distillation

column using online measurements of process variables. The

predicted composition was treated as controlled variables,

and a predictive inferential controller was further imple-

mented to improve the product control performance. Shakil

et al. (2009)8 also employed the down-sampling technique

and presented a dynamic artificial neural network model to

estimate NOx and O2 of an industrial boiler, where principle

component analysis and genetic algorithm were adopted to

reduce the process data dimension and to analyze the time

delays, respectively. Although down-sampling technique is

straightforward to implement in practice, it has a critical

drawback of information loss and may lead to inaccurate
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models when the quality variables are sampled scarcely with

uncertain delays.
Lifting technique is another fundamental tool for analysis

of MR systems. The basic idea is to rearrange the MR
input–output data to obtain an equivalent slow-rate state-
space model with increased dimensionality.9 Typically, con-
ventional identification methods for single-rate multivariable
systems are applicable to the lifted models, but the causality
constraint problem must be appropriately considered. Ding
and Chen (2005)10 decomposed the lifted state-space model
into several subsystems to tackle the causality constraint,
and proposed a hierarchical identification method for com-
bined parameter and state estimation of MR systems. In
addition to causality constraint, MR controllers based on the
lifted model may lead to inter-sample ripples in the con-
trolled outputs. To avoid this problem, Li et al. (2001,
2003)11,12 investigated a computational method to extract the
fast-rate state-space model from the lifted one for estimation
of the inter-sample outputs, and presented an inferential con-
trol algorithm for MR systems.

Polynomial transformation technique is similar to the lift-
ing technique, which is facilitated to transform the fast-rate
transfer function model into an equivalent form that does not
require the missing output data in identification. However,
this technique only applies to special MR systems, i.e., dual-
rate systems, where the output sampling period is an integer
multiple of the input updating period.13 Furthermore, the
transformed model involves much more parameters than the
original one, resulting in a nontrivial computational load of
the corresponding identification algorithm. A more efficient
alternative to this approach is to identify the fast-rate model
directly from the MR data by means of auxiliary model iden-
tification principle.14 The basic idea is to establish an auxil-
iary model using the finite impulse response (FIR) model or
the estimated fast-rate model and use its outputs to approxi-
mate the unmeasurable variables, enabling traditional single-
rate identification methods to be used for MR systems.15 The
auxiliary model-based approach is also applicable to nonuni-
formly sampled MR systems, but it needs to assume the
associated noise to be white.16

Identification of MR systems with irregular output sam-
pling has received increasing attention in recent years.16–19

For linear systems, Raghavan et al. (2006)17 combined the
expectation–maximization (EM) algorithm with Kalman filter
to study state-space model identification from MR data in
the presence of irregularly sampled outputs. The EM-based
identification approach was further extended to nonlinear
MR systems under irregular missing observations, where par-
ticle filter was adopted to approximate the density functions
required in the expectation step.18 In practice, the irregularly
sampled outputs are often available with random delays due
to manual analysis in laboratory. Moreover, the associated
sampling delays are uncertain since only the arrival time of
the measurements is recorded, while the time instant that the
samples are actually taken is unknown or not accurately
recorded. Such a delay issue can significantly increase the
difficulty in identification of MR systems, and lead to inac-
curate parameter estimates if not handled appropriately. To
resolve this problem, this article will derive an EM-based
algorithm to identify the MR systems, taking into account
uncertain random delays associated with the irregularly
sampled outputs.

The problem discussed in this article is more complicated
and challenging than the one in Ref. 17 because they did not

consider about the uncertain random delay issue. In addition,
input–output representation is utilized in this article to
describe the MR systems, which contains fewer number of
parameters to be estimated than a noncanonical state-space
model used in Ref. 17. Accordingly, the computational com-
plexity has been reduced since Kalman filter is no longer
required to predict the state and output trajectory.

The remainder of this article is organized as follows. The
section entitled Expectation–Maximization (EM) algorithm
gives a brief introduction to the EM algorithm. The follow-
ing section states the FIR model identification problem of
MR systems in the presence of uncertain random delays. The
next section applies an EM algorithm to solve this problem.
The section Estimation of MR OE Model extends the pro-
posed EM algorithm to identify the MR output error models
with random sampling delays based on the identified FIR
model. Two simulation examples as well as a pilot-scale
experiment are presented in the section titled Simulations for
validation of the proposed methods, followed by the Conclu-
sions section.

Expectation–Maximization (EM) algorithm

The EM algorithm was proposed by Dempster et al.
(1977)20 for computation of maximum likelihood estimates
from incomplete datasets. It consists of an Expectation step
(E-step) and a Maximization step (M-step), where the E-step
calculates the expectation of the complete data log-
likelihood function (Q function) with respect to the unob-
served hidden variables based on the previously estimated
parameter vector, and the M-step obtains a new estimate of
parameter vector through maximizing the Q function. These
two steps are iteratively operated until the parameter esti-
mates converge.

Assume a complete dataset L that comprised an observed
part Y and an unobserved part X. Let h 5 0 and H0 be an
initial guess of model parameter H; the mathematical formu-
lation of EM algorithm can be expressed as21:

� E-step: Given Hh estimated from the previous iteration,
the Q function is calculated by

Q HjHh
� �

5 EXjY;Hh
log p Y;XjHð Þ½ �f g

5

ð
log p Y;XjHð Þ½ �p XjY;Hh

� �
dX

� M-step: Maximize the Q function with respect to H to
obtain the new iterative parameter estimate Hh11

Hh115arg max Q HjHh
� �

� Evaluate the relative change of parameter estimates

dh115
kHh112Hhk2

kHhk2

If it is larger than a predetermined tolerance e, then let
h5h11 and repeat Steps 1 and 2.

The EM algorithm has become a popular computational

tool in Statistics, which has found various applications in

system modeling, computer vision, pattern recognition, and

machine learning. Its convergence property under general

conditions was established by Wu (1983).22
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Problem Formulation

Consider the following MR FIR model

xk5 f01f1z211f2z221 � � �1fnf
z2nf

� �
uk (1)

yTi
5xTi2ki

1vTi
(2)

where uk; k51; 2; � � � ;Lf g is the input and available at every
sampling period Dt; xkf g is the unmeasurable noise-free out-
put; yTi

; i51; 2; � � � ;Nf g is the irregularly sampled output
and only available at time instant t5Ti � Dt with unknown
time delay tdi

5ki � Dt (i.e., the delay can vary in each data
sample); vTi

is the associated measurement noise with
unknown Gaussian distribution N 0;r2

v

� �
. For the sake of

simplicity, we assume that the system order nf is known. The
delay ki is a random integer that can follow any discrete dis-
tribution. In this article, it is assumed to be uniformly dis-
tributed between 0 and q, i.e.,

p ki5jð Þ5 1

q11
; j50; 1;…; q (3)

Our objective is to estimate the parameters
fj; j50;1; 2;…; nf

� �
in Eq. 1 along with the delays

ki; i51; 2;…;Nf g and the variance r2
v of measurement noise

vTi
in Eq. 2 based on the available MR data ukf g and yTi

f g.
However, the outputs yTi

f g are involved with uncertain ran-
dom delays kif g, which significantly increases the difficulty
to identify the underlying system.

MR FIR Model Identification using the EM
Algorithm

Define the information vector wk and the parameter vector
q as

wk5 uk; uk21; uk22; � � � ; uk2nf

� �
2 R13 nf 11ð Þ

q5 f0; f1; f2; � � � ; fnf

� �T 2 R nf 11ð Þ31

Eq. 1 can be written into the following vector form

xk5wkq (4)

Substituting Eq. 4 into Eq. 2 yields

yTi
5wTi2ki

q1vTi
(5)

Let [H5 q;r2
v

� �
represent the overall parameters to be

identified, U5u1:L denote the sequence of input
u1; u2; � � � ; uLf g, Y5yT1:TN

denote the observed output
yT1
; yT2

; � � � ; yTN
f g, and C5k1:N stand for the random sam-
pling delay k1; k2; � � � ; kNf g of all the observed output.

Considering unknown delays k1:N as the hidden states, the
Q function can be determined as the expectation of the log-
likelihood function log p U;Y;CjHð Þ½ � with respect to all the
hidden states, given by

Q HjHh
� �

5ECjU;Y;Hh log p U;Y;CjHð Þ½ �f g (6)

where Hh is the estimate of H after hth iteration. Using the
Bayesian theorem, the joint probability density function
p U;Y;CjHð Þ that is needed to compute the expectation in
Eq. 6 can be derived as

p U;Y;CjHð Þ5p YjU;C;Hð Þp U;CjHð Þ

5p YjU;C;Hð Þp CjU;Hð Þp UjHð Þ
(7)

According to Eq. 5, yTi
is only dependent on ki, wTi2ki

and H. Therefore, we have

p YjU;C;Hð Þ5
YN
i51

p yTi
jwTi2ki

; ki;H
� �

(8)

Because the occurrence of time delay is completely random

and does not depend on the inputs and model parameters, thus

p CjU;Hð Þ5
YN
i51

p kið Þ (9)

Since input U is known and independent of H, the last

term in Eq. 7 should be a constant C. Using Eqs. 8–9 and

substituting Eq. 7 into Eq. 6, the Q function can be derived as

Q HjHh
� �

5ECjU;Y;Hh log C
YN
i51

p yTi
jwTi2ki

; ki;H
� �

p kið Þ
" #( )

5ECjU;Y;Hh log C1
XN

i51

log p yTi
jwTi2ki

; ki;H
� �� �

1log p kið Þ½ �
( )

(10)

By moving the Expectation operator inside the summation,

Eq. 10 becomes

Q HjHh
� �

5log C1
XN

i51

ECjU;Y;Hh log p yTi
jwTi2ki

; ki;H
� �� �

1log p kið Þ½ �
� �

5log C1
XN

i51

Xq

j50

p ki5jjU;Y;Hh
� �

log p yTi
jwTi2ki

; ki5j;H
� �� �

1
XN

i51

Xq

j50

p ki5jjU;Y;Hh
� �

log p ki5jð Þ½ �

(11)

where p yTi
jwTi2ki

; ki5j;H
� �

is calculated by

p yTi
jwTi2ki

; ki5j;H
� �

5
1ffiffiffiffiffiffi

2p
p

rv

exp
2 1

2r2
v

yTi
2wTi2jq½ �2

(12)

and accordingly

log p yTi
jwTi2ki

; ki5j;H
� �� �

52log
ffiffiffiffiffiffi
2p
p

rv2
1

2r2
v

yTi
2wTi2jq

h i2

(13)

For notation simplicity, wij is used to represent

p ki5jjU;Y;Hh
� �

in the remainder of this article. It denotes

the conditional probability that the delay of the ith measured

output yTi
equals to j, and can be derived using the Bayesian

rule as

wij5p ki5jjU;Y;Hh
� �

5p ki5jjyTi
;wTi2j;H

h
	 


5
p yTi

jwTi2j; ki5j;Hh
	 


p ki5jjwTi2j;H
h

	 

Xq

j50
p yTi

jwTi2j; ki5j;Hh
	 


p ki5jjwTi2j;H
h

	 


5
p yTi

jwTi2j; ki5j;Hh
	 


p ki5jð ÞXq

j50
p yTi

jwTi2j; ki5j;Hh
	 


p ki5jð Þ

(14)

Substituting Eq. 13 into Eq. 11 and replacing

p ki5jjU;Y;Hh
� �

by wij, the Q function is finally derived as
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Q HjHh
� �

5log C1
XN

i51

Xq

j50

wij

3 2log
ffiffiffiffiffiffi
2p
p

rv2
1

2r2
v

yTi
2wTi2jq

h i
2

" #

1
XN

i51

Xq

j50

wijlog p ki5jð Þ½ �

(15)

Note that p ki5jð Þ is given by Eq. 3. Identification of H
using the EM algorithm can be summarized as follows:
� E-step: Calculate wij; j50; 1; � � � ; q based on Eq. 14,

where pðyTi
jwTi2j; ki5j;HhÞ is computed based on Eq.

12 using the old parameter estimate qh and r2
v

� �h
; then

substitute wij into Eq. 15 to calculate the approximate
Q function. If the point estimation of delays is desired,
using the maximum a posteriori principle, the delay
estimate k̂i can be determined by searching for the larg-
est wij among all the possibilities of delay, i.e.,

k̂i5 arg max
j

wij; j50; 1; � � � ; q

� M-step: Taking derivative of the Q function in Eq. 15
with respect to q and r2

v , respectively, yields

J qð Þ5
@Q HjHh
� �
@q

5
XN

i51

Xq

j50

wij 2
1

r2
v

wT
Ti2j yTi

2wTi2jq
h i� �

J r2
v

� �
5
@Q HjHh
� �
@r2

v

5
XN

i51

Xq

j50

wij 2
1

2r2
v

1
1

2r4
v

yTi
2wTi2jq�2

� ��

To maximize the Q function, J qð Þ and J r2
v

� �
are set to zero

and the new parameter estimate qh11 and r2
v

� �h11
can be

calculated by

qh115
XN

i51

Xq

j50

wij � wT
Ti2jwTi2j

( )21 XN

i51

Xq

j50

wij � wT
Ti2jyTi

( )

(16)

r2
v

� �h11
5

XN

i51

Xq

j50

wij

( )21 XN

i51

Xq

j50

wij � yTi
2wTi2jq

h11
h i2

( )

5
1

N

XN

i51

Xq

j50

wij � yTi
2wTi2jq

h11
h i2

(17)

These two steps are iterated until the parameter estimate
qh and r2

v

� �h
converge to certain value q̂5 f̂ 0; f̂ 1; f̂ 2;

�
� � � ; f̂ nf

�T and r̂2
v , respectively.

Estimation of MR OE Model

Output error (OE) or transfer function models have been
widely used to design advanced control. A MR FIR model
with sufficiently large order nf in Eqs. 1 and 2 can be used
to approximate the following stable MR OE model given by
Eqs. 18 and 19

xk5
b01b1z211b2z221 � � �1bnb

z2nb

11a1z211a2z221 � � �1ana
z2na

uk (18)

where uk is the input, xk is the noise-free output, na and nb

are the known system orders. The output measurement equa-

tion is the same as Eq. 2, i.e.,

yTi
5xTi2ki

1vTi
(19)

The relationship between the parameters of OE model 18

and FIR model 1 is described as

f05b 0;

fj5bj2
Xj21

l50

aj2l � fl; for j51; 2; � � � ; nf

8>><
>>: (20)

with bj50 for j > nb and aj2l50 for j2l > na.
Define the parameter vector of OE model in Eq. 18 as

h5 a1; a2; � � � ; ana
; b0; b1; � � � ; bnb

½ �T 2 R na1nb11ð Þ31

Equation 20 can be expanded into the following vector

form

q5 2Sa; Sb½ � h (21)

where Sa 2 R nf 11ð Þ3na and Sb 2 R nf 11ð Þ3 nb11ð Þ are matrices

formed by

Sa5

0 0 � � � 0

f0 0 � � � 0

f1 f0
. .

.
�

� � . .
.

0

fna21 fna22 � � � f0

� � �

fnf 21 fnf 22 � � � fnf 2na

2
66666666666666664

3
77777777777777775

; Sb5

1 0 � � � 0

0 1 . .
.

�

� . .
. . .

.
0

� . .
.

1

0 0 � � � 0

� � �

0 0 � � � 0

2
66666666666666664

3
77777777777777775

Applying least-squares (LS) algorithm to Eq. 21, the

parameter estimate ĥ of the OE model can be directly

extracted from the parameter estimate q̂ of the FIR model,

given by

ĥ5 STS
� �21

STq̂ (22)

where S5 2Ŝa;Sb

� �
and Ŝa is formed by replacing fj in Sa

with its estimate f̂ j given in q̂.
Although this direct method is convenient for implementa-

tion, it is sensitive to the measurement noise. One possible

reason is that the uncertainty of the FIR model parameters

increases as the noise level increases. Using the estimated

FIR model to recover the OE model based on Eq. 22 may

amplify the errors. Therefore, we will provide an alternative

method that is still under the framework of EM algorithm

for recovery of the OE model based on the identified FIR

model. Using the auxiliary model identification principle, the

obtained FIR model is adopted to generate the estimates of

the noise-free outputs, and then EM algorithm is applied

again to estimate the OE model parameters along with the

random delays based on the MR input–output data and the

noise-free output estimates. Since the available MR data is

repeatedly used in recovery of the OE model, the proposed

method can effectively improve the estimation precision.
The OE model in Eq. 18 can be rewritten as
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xk5ukh (23)

where uk is a new information vector defined as

uk5 2xk21;2xk22; � � � ;2xk2na
; uk; uk21; � � � ; uk2nb

½ � (24)

Substituting Eq. 23 into Eq. 19 yields

yTi
5uTi2ki

h1vTi
(25)

Replacing q in Eq. 4 with its estimate q̂, the noise-free
output can be estimated by

x̂k5wkq̂ (26)

Based on x̂k, the estimate of uk in Eq. 24 is formed by

ûk5 2x̂k21;2x̂k22; � � � ;2x̂k2na
; uk; uk21; � � � ; uk2nb

½ � (27)

Using ûTi2ki
to replace uTi2ki

in Eq. 25, we have

yTi
5ûTi2ki

h1vTi
(28)

Similar to Eq. 15, the Q function of the EM algorithm for
identification of h is given by

Q hjhh
� �

5log C1
XN

i51

Xq

j50

wij0 2log
ffiffiffiffiffiffi
2p
p

r̂v2
1

2r̂2
v

yTi
2ûTi2ki

h
� �2" #

1
XN

i51

Xq

j50

wij
0log p ki5jð Þ½ � (29)

where r̂2
v is the estimate of the noise variance given in the

previous section; the conditional probability wij
0 is derived as

wij05
p yTi

jûTi2j; ki5j; hh; r̂2
v

	 

p ki5jð ÞXq

j50
p yTi

jûTi2j; ki5j; hh; r̂2
v

	 

p ki5jð Þ

(30)

Then the delays are re-estimated by

k̂i
0
5 arg max

j
w0ij; j50; 1; � � � ; q; i51; 2; � � � ;N

The new parameter estimate hh11 is obtained through
maximization of the Q function in Eq. 29, which is

hh115
XN

i51

Xq

j50

w0ij � ûT
Ti2jûTi2j

( )21 XN

i51

Xq

j50

w0ij � ûT
Ti2jyTi

( )

(31)

In this way, the parameter vector h of the OE model along
with the delays kif g are estimated based on the fast-rate
input ukf g, noise-free output estimate x̂kf g, and slow-rate
output yTi

f g.

Simulations

A numerical simulation example

Consider the following MR FIR system

xk52uk21:5uk2110:5uk22 (32)

yTi
5xTi2ki

1vTi

where the fast-rate input sequence ukf g is generated from
Gaussian distribution N 0; r2

u

� �
with r2

u51; the slow-rate out-
put yTi
f g is available at time instant Ti � Dt Ti55ið Þ with ran-

dom time delay ki � Dt ki 2 0; 4½ �ð Þ; the variance of the
measurement noise vTi

f g is r2
v50:01; thus the noise to signal

ratio is dns 5
ffiffiffiffiffiffiffiffiffiffiffiffi
r2

v=r
2
u

p
510%. In simulation, L 5 500 fast-rate

inputs and N 5 100 slow-rate outputs are collected for sys-
tem identification, part of which is shown in Figure 1. Base
on the available MR data, the parameter vector of the FIR
model to be identified is q5 2;21:5; 0:5½ �T, and the noise
variance to be estimated is r2

v50:01.
Applying the proposed EM algorithm with a randomly

generated initial guess to identify the unknown parameters,
the estimated FIR model parameters and the estimated noise
variance vs. iteration h are shown in Figures 2 and 3, respec-
tively. From these two figures, it can be observed that the
proposed EM algorithm has good identification performance
since the estimated parameters approach the real ones after a
few iterations.

The LS algorithm is also applied for parameter estimation,
the comparison results are listed in Table 1. From this table,
it can be observed that the LS estimation is inaccurate if the
random delays are simply neglected, while the EM algorithm
considering random delays can provide much better estima-
tion, and its performance is almost comparable with the LS
algorithm when the delays are completely known.

Based on the EM parameter estimation q̂5 1:9861;½
21:5043; 0:4998�T, the delay estimation is shown in Figure
4, where the circle and the cross indicate the correct and the
incorrect estimations, respectively. The accuracy of delay
estimation vs. noise to signal ratio dns is shown in Figure 5,
which demonstrates that the uncertainty of delay estimation
is mainly dependent on the measurement noise. Not

Figure 1. The MR sampled inputs and outputs (numeri-
cal example).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. The EM estimations of FIR model parameters
vs. iteration h.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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surprisingly, the higher the noise level, the lower the estima-
tion precision.

A continuous stirred tank heater (CSTH)

A simplified schematic diagram of a continuous stirred
tank heater (CSTH) is shown in Figure 6, where the cold
water flowing into the tank is heated by passing the steam
through the coil. Four metal sheathed thermocouples are
equipped for measuring the temperature of the outlet hot
water, which are evenly spaced along the outflow pipe (i.e.,
A, B, C, and D four points). It will take 4 s for the water to
flow from one point to the next (e.g., A to B), leading to the
transmission time delay. The relationship between the steam
valve position (i.e., input u) and the temperature measured at
A (i.e., noise-free output x) is of interest. Thornhill et al.
(2008)23 derived the following continuous transfer function
model under the operating conditions shown in Table 2.

x sð Þ5 1:586731022e28s

s12:73231022
u sð Þ (33)

Taking the sampling period Dt as 4 s, the discrete transfer
function model corresponding to Eq. 33 is derived as

xk5
0:06012z21

120:8965z21
z22uk (34)

Because of the transmission delay, the observation yk at
time k � Dt measured at A, B, C, and D should correspond to
xk, xk21, xk22, and xk23, respectively.

To simulate the MR system with random sampling delays,
we assume that the fast-rate input uk is sampled with interval
Dt; the slow-rate output yTi

is randomly provided by one of
the four thermocouples with time interval 4 � Dt. Thus, the
measurement equation can be expressed as

yTi
5xTi2ki

1vTi

where ki is the random delay ranging from 0 to 3, and vTi
is

the measurement noise.
Four thousand input and 1000 output data are collected

for identification, part of which is shown in Figure 7, where
the input sequence uk is generated from Gaussian distribution
N 0; 1ð Þ, and the output measurement noise vTi

follows Gaus-
sian distribution N 0; 0:01ð Þ.

Figure 3. The EM estimations of noise variance vs. iter-
ation h.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 1. Parameter Estimates and Relative Errors of Differ-

ent Methods

True parameter
EM

(10 iterations)
LS (neglected

delays)
LS (known

delays)

h(1) 5 2 1.9861 0.3431 1.9924
h(2) 5 21.5 21.5043 0.0280 21.5001
h(3) 5 0.5 0.4998 0.0173 0.4997
Relative error 0.0031% 81.7401% 0.0009%

Figure 4. The EM estimations of delays.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. The accuracy of delay estimation vs. dns .

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Schematic diagram of the CSTH system.
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An FIR model of relatively higher order should be used to
approximate the OE model in Eq. 34 because the pole is
close to the unit circle in this example. Letting nf 530, the
proposed EM algorithm with a randomly generated initial
guess is applied to estimate the parameter q of the approxi-
mated FIR model. The parameter estimation after conver-
gence q̂ is shown in Figure 8.

Based on the identified FIR model parameters q̂, the OE
model parameters h can be directly recovered using the LS
algorithm. The estimation results referred to as FIR–LS

under different noise variance r2
v are shown in Table 3, in

comparison with the FIR–EM estimations which are given
by the EM algorithm using the FIR model predictions. From
this table, it can be observed that these two methods both
have excellent estimation performance when the noise level
is low. However, the performance of FIR–LS dramatically
deteriorates as the noise variance increases, while FIR–EM
is better than FIR–LS even when the noise level is high. For
r2

v50:01, FIR–EM estimations of the OE model parameters
vs. iteration h are shown in Figure 9. As it is expected, the
parameter estimation approaches the real value after several
iterations.

Figure 10 compares the predictions of the estimated OE
model with the noise-free outputs and the sampled noisy out-
puts, which demonstrates the effectiveness of the proposed
EM algorithm. The model prediction errors under different
noise level are compared in Table 4. It shows that the pre-
diction performance of the estimated OE model improves as
the noise level decreases. Since the slowly sampled data are
often measured through laboratory analysis, the associated
noise under laboratory environment is typically small. Thus,
the proposed EM algorithm for identification of the MR OE
model will be promising in practice.

Experimental evaluation: a three-tank system

An experiment is conducted on a three-tank system19,24 to
further verify the effectiveness of the proposed identification
algorithm. Figure 11 shows the configuration of the three-
tank system, where the water is pumped into the top tank by
a DC pump, and then flows through each tank under the
influence of gravity. The valves located at the bottom of
each tank are used to control the outflow rate. On the
assumption that the laminar outflow is an ideal fluid, the
dynamics of the three-tank system can be described as
follows19

dH1

dt
5

1

b1 H1ð Þ q2
1

b1 H1ð ÞC1

ffiffiffiffiffiffi
H1

p
(35)

dH2

dt
5

1

b2 H2ð ÞC1

ffiffiffiffiffiffi
H1

p
2

1

b2 H2ð ÞC2

ffiffiffiffiffiffi
H2

p
(36)

dH3

dt
5

1

b3 H3ð ÞC2

ffiffiffiffiffiffi
H2

p
2

1

b3 H3ð ÞC3

ffiffiffiffiffiffi
H3

p
(37)

where q is the inflow to the upper tank; Hi, bi, and Ci are
the water level, cross section area, and resistance of the out-
put orifice of the ith tank i51; 2; 3ð Þ, respectively.

The inflow q and the second tank water level H2 are con-
sidered as the system input u and output y, respectively. Let
the system operate at a steady-state condition, where
u50:34, y58:97cm . Then a random binary signal with level
20:03 0:03½ � is added to the steady-state input to stimu-

late the system. The experimental input and output data are
shown in Figure 12, where the sampling interval is 15 s.

Assume that the system output is available every minute
with a random time delay ranging from 0 s, 15 s, 30 s, and

Table 2. Nominal Operating Conditions of the CSTH System

Variable Value

Level 12 mA (20.48 cm)
Cold valve 12.96 mA (9.03831025 m3/s)
Steam valve 12.57 mA
Temperature 10.5 mA (42.52�C)

Figure 7. The MR sampled inputs and outputs (CSTH
example).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. The EM estimations of FIR model parameters
after convergence (CSTH example).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 3. Parameter Estimates and Relative Errors Under Different Noise Levels

r2
v50:01 r2

v50:04 r2
v50:25

True parameter FIR–EM FIR–LS FIR–EM FIR–LS FIR–EM FIR–LS

h(1) 5 20.8965 20.8972 20.8960 20.8904 20.8824 20.9365 20.5738
h(2) 5 20.06012 0.06188 0.06066 0.06171 0.06066 0.06188 0.05684
Relative error 4.4953 31026 3.871131027 4.894931025 2.466831024 0.0024 0.1290
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45 s. The resulted MR data are divided into two sets, where
the first 400 fast-rate input and 100 slow-rate output data are
used for self-validation, and the rest are used for cross-
validation, respectively. Applying the proposed EM algo-
rithm to the self-validation dataset, the estimated model is
given by

yk5
0:1088z2210:0476z23

120:4872z2120:3409z22
uk (38)

The self-validation results and the cross-validation results
of the estimated model are shown in Figures 13 and 14,
respectively. The model prediction shows a good fitness with
the measured output, which demonstrate that the proposed
EM algorithm is effective in the identification of MR system
with random sampling delays.

Conclusions

This article considers identification of MR systems with
unknown random delays, which includes conventional non-
uniformly sampled-data systems and dual-rate systems as

special cases. Due to the impact of random delay, the irregu-
larly sampled output cannot appropriately indicate current
noise-free output even with no measurement noise. Thus tra-
ditional identification methods like LS algorithm fail to iden-
tify such MR systems if the uncertain delay problem is
overlooked. To address this challenge, an EM algorithm is
applied in this article to identify the MR FIR model, in
which unknown delays are treated as hidden states and are
estimated along with the model parameters. The proposed
EM algorithm has been evaluated in a simulation example
and the obtained results confirm that the algorithm is effec-
tive with high estimation accuracy and fast convergence rate.

OE or transfer function model has extensive applications
in development of advanced control. However, due to

Figure 9. The FIR–EM estimations of OE model param-
eters vs. iteration h (CSTH example).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Comparison of model predictions with
noise-free outputs r2

v50:01
� �

.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 4. Model Prediction Errors Under Different Noise

Levels

r2
v50:01 r2

v50:04 r2
v50:25

Prediction error 1.921131025 2.328631025 0.0013

Figure 11. The configuration of the three-tank system.

Figure 12. The experimental input and output data of
the three-tank system.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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coexistence of unknown noise-free outputs and random
delays, it is difficult to directly identify an OE model based
on the available MR data. Therefore, recovery of the OE
model based on the estimated FIR model is further investi-
gated in this article. The effectiveness of the proposed meth-
ods is demonstrated through a simulated CSTH example and
an experimental three-tank system.
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Figure 13. Self-validation results of the estimated
model.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 14. Cross-validation results of the estimated
model.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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